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METHOD OF SOLUTION FREDHOLM’S INTEGRAL EQUATION OF THE FIRST KIND®

S. N. VOROB'EV

Solution of the Fredholm's integral egquation of the first kind is approximated by
expansion over the system of iterated right-hand sides. The convergence in the
mean of the expansion towards the solution is proved. A class of equations with
stable iterated right-hand sides in which the solution is reduced to investigating
numerical sequences, is singled out.

In the theory of linear filtration an important part is played by the Fredholm's integral
equation of the first kind

T
SK(t.r)qJ(t)dt:S(t), 0<t<T )
o

the solution ¢(#) of which determines the weight function sought, of a physically feasible
linear filter B() = @ (T — 9

The necessary and sufficient condition of existence of a unique solution of equation (1) with
closed symmetric kernel K (1t and S (e L.[0,T], is given by the Picard theorem /1/. In
practice, it is difficult to obtain the solution of (l1). The known methods, apart from the
numerical ones, include the method of expanding the function g () over some complete system
of functions /2/, and the method of consecutive approximations /3/.
The function can be expanded into a Fourier series
Ld

8y
¢(0=2T::ek(’) (2)

k=1

by virtue of the Hilbert - Schmidt theorem /1,2/, but this requires a solution of the corres-
ponding equation of the second kind

T
S K1) e (nyde = Mey ()
0

Investigation of the series (2) yields a new method of solving equation (1) with a closed,
symmetric positive definite kernel and § (8 = L,[0, T).
Solution in the space L, . The partial sum of the series (2)

R
Pr) = D) Pxep ()
k=1

represents the optimal approximation in the mean to the function ¢(f e L;[0, T). Let us use,
instead of the coefficients ¢ = /A , the approximations ¢,y = s/My. If we approximate
My by means of a partial sum of the power series which has the form

oo o

1 M= [ d /1 y .
Ay =Z il dat ( Ay ) = =%
i k =1 {=o

i=0

near the point a =1 and converges uniformly in the region 0 < A < 2, then we have
N . (3)
Py =5 2 =4y

i=0
From the bilinear expansion of the kernel

K= 3 Mt e (o)
k=1

it follows that the square of its norm is

TT oo
B | SKz(t,-r)dtd1:= pog o
00 k=1
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Let A* = B-1d . Then

TT = -
= S \.( 2 Bhe, () Pk(t}rdtdr:: 2 ARy
A 6 Ji==1 =

the normed eigenvalues satisfy the ineguality
1AM 2> 22 .20 (4)
and the approximation (3) is correct. Clearly, the solutions of the equations with unnormed
and normed kernels are connected by the simple relation
¢ - Bg*(n
so that from now on we shall assume that the inequality (4) holds alsc for A
The necessary and sufficient condition of convexrgence in the mean is established using
the Fischer—Riesz theorem: if
h
Him ( U ) = fo @)f2dz =0, f ()= Ly [0, b)
mm»ma
then f{,{s} converges to f{z in the mean:
i fp (1) < f{x), f(D) = Ly {a, b1
e,

Theorem. Let K (i1 be a symmetric, positive definite la=kernel. &S (e 10,71 , and
let the eguation (1) have a unique soluticn. Let also X <t and ¢ (/) be the eigenvalues and
eigenfunctions of the kernel K (1), and s the coefficients of expansion of S (1) over the
system of functions ex ().  Then the partial sum

R N s
ey 0= N 5 (An) e D= R U—2y
k=1 i)

converges in the mean to the solution ¢ (f) of the equation. Let ¢ >R . Then we have

T R R G
i \ [§px () — @y (D)l == 2 5,7 Z,zv -2 2 8 2‘\- 23; 2 52 2’\1
k=1 Kot

L
I k=]

{5}

Since the series (3) converges uniformly, we can write, taking into account (4},

i
ZL:: ‘“}'I: g 00 limep 00 L <N M

L~

Then

“
o

e < 5.2 502 52 52
lim = _lim E -y = lim E oy = lim = oy — lim E T =0
R QM Now R Qox fod M RaQer Qe voeen e LM P fd

The conditions of the Fischer— Riesz theorem hold, therefore g, (# converges in the mean
to some function U{ye L,10,T]. Substitution of e¢py(# reduces the left hand part of the
equation to the form

T R R R
1 B .

k=1

Thus the function gzy(H converts, in the limit, the eguation into an identity, belongs to
the space [, and, according to the condition of the theorem, is a unigue solution of the
equation.

Using the function

R
fRa{)= N M s (), n=01... 6)
Ko

we can write the partial sum (5) in the form

o 0= 30 (Y o ()= ety 7

i=0
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and the sum (7) converges, by virtue of the absolute convergence of the Fourier series, absol-
utely to ¢(f (in the mean). When R - «, the functions (6) converge to

T T
= 2)» (t)eh(t)st (r)dr:SK(t,r)S(r)dr

=1 i=1 0

oty = g s (=S (0, fa(t) = 2 2 hpsiey (6 S e (1) e (y e = |

k=11i=1 o

P

2
d Ly

T x 0 T
In u):S D by () e (1:)2 M se; () dr = \:K(M) Ino{0)de, =12
0 0

=
[

1 i=

The iterated right-hand parts of
approximate solution in the mean

Example 1. A linear frequency converter with the weight function & (# is described
by the equation

T
S cos @y (t — 1) h (T)dv = cos wat
“r

The iterated right-hand parts are

- . 1 ) 1 . 1
fo (5) = cos wyt, fn (1) = af™lecosayt, n=1,2, .., a= o —w St (o — o) T - sin (@ + @) T, B=T 4 5-sin 2o,7

The function

N (NN
O () = (N -+ 1)coswat +a B (—1)‘( :__!__\_ﬂ’"lcosu)!t
2 \idi/

i=}

herefore the equation has no solutions and no linear frequency con-

o e E £ et o Hln g L, [—T

has no limit as N o o
t of finite energy exist in the space L,{— Tl .
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verters of monochrom
Equation with stable, iterated right-hand parts. Solution (8) requires that
the iterated right-hand parts of fn(#) be determined, and in this sense it is not preferable
to the method of consecutive approximations /3/. We can however single out a class of equa-
tions for which an exact solution can be obtained.
Example 2. The Wiener —Hopf equation of linear filtration /5/ for the angle of heel
of a ship /6/ is r
SK(t—r)z_p(r) dt=K@—o), K@= (Co<°n/t—— :f” sin 2:1;:)
0
The iterated right-hand parts have general form

i a T 2
_ -at . _ e e L a aT
In() = ™ (ancos2nfit basin2 ), n=0,14,2 ., G=7, b=7or, a= 4(‘1“4_11__”2), b=
Clearly, the analytic solution of the equation can be written in the analogous form
p(t)=e*(Adcos2nft+ Bsin2nft)
The unknown A and B are defined from
T z
alk nfrdv=1—4A in2 =B (9
(t—7v)cos2nfrdv=1—A, B\ K(t—1)sin2nfrdr = Tnf
0
For T=%k/f(k=1,2,..), the solution of the system becomes
A=2fl4n P (k+2f) —ka?]l/ A, B =8na /A, =4n2 2 (k + 2 )2 — k22
Example 3 The iterated right-hand parts of the eguation are
A 8 2 4
{ cost(t T @it dr —cosdt, f (== v cott n=49 ..., v o=-—0u . v
AAY A SN0 Add sty ITEATS ron TC TR ' Sy ; ‘on Om fo(n-1} 37“.1“ ¥ iin 3"+lﬂ

/2

Since
& i (N1 —1/m,m=0
lim 3 (—1) ( Vi =
Nx {5 i1 dfn, m =1



414 S. N. Vorob'ev

the solution of the equation is
A 1
@ (t) = 7y (— -+ cos?t

In the examples discussed above the iterated right-hand parts are stable, i.e. they have the
form o

Fa @) =3} Vol ()

m=0
When the iterated right-hand parts are stable, the solution (8) can be reduced to the problem

of solving systems of the type (9), or in other words, to the study of the limits of numerical
sequences

X N1
MLZJ‘,“” <1+1) (10)

The stability of the iterated right-hand parts and the existence of the finite limits
(10) or of solutions of the systems (9), form the necessary conditions for obtaining an exact
solution (8).

Expanding the functions f,(f) into a power series, we can write the solution of the equa-
tion also in the form of a power series

x

: i (V1 1 1 ¢ 4P
9, (1) = 2, iy P, /,,:20(—1) <i;1>fpu fpi=F!-,"P(z):FS-—Mp K (tt)fi, (0dr, =0
1= T °

converging in the mean to ¢ ().

Equation with a degenerated kernel. ©Let the kernel of (1) be degenerate

m

K(tty= 3 a;(0)b;(v)

=0
Then the equation can be written in the form

"

T
ZJB“ (f) = Sb] (1) @ (1) dt
0

Jj=0

(11)

Equation (11) means that if the equation (1) has a solution, then its right-hand part can be
written as an expansion in terms of the functions a (), ay(t), ..., ap(t), p<m . The iterated
right~hand parts of the equation

m

T
= N o0 =12, ay= D@ g ajrngj(t) a, (1) dt
[}

are stable, therefore its solution is

+1 Q
q>(t)—llm 2] 2(—1 <l+1 )uijaj(t)=j§,v ;0 Z“o”(‘)=5(‘)

* j=0 i=0

Substituting (12) into (1), reduces it to the form

SK(t Nt 2 Zaﬂ_ RROES Z Bia; (1) =5

j=0r=0 j=0

which describes a system of linear equations
m
Zujrvr=ﬁj, j=0,..., m
=0

in terms of the unknowns
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